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Abstract

In this paper, we study the time evolution of a finite number of homogeneous rigid disks within a viscous
homogeneous incompressible fluid in the whole domain R2. The motion of the fluid is governed by Navier-Stokes
equations, whereas the movement of each rigid body is described by the standard conservation laws of linear
and angular momentum. The motion of the rigid bodies inside the fluid makes the fluid domain time dependent
and unknown a priori. At first, we prove the local existence and uniqueness of strong solutions of the considered
problem and then by careful analysis of how elliptic estimates for the Stokes operator depend on the geometry
of the fluid domain, we extend these solutions up to collision. Finally, we prove contact between rigid bodies
could not occur for almost arbitrary configurations.
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1 Introduction

We consider a finite number of homogeneous rigid bodies — each being represented by a closed disk

B;(t) C R?- moving in a viscous homogeneous incompressible fluid which occupies a domain Qp(¢) at time
k
t, where Qp(t) = R2\UBi (t), with & € N* denoting the number of rigid bodies.
1

=
We suppose that the fluid is of viscosity v > 0, pressure p, velocity field v and for simplicity, of density

one. The motion of the fluid is governed by the Navier-Stokes equations for incompressible fluids:

O —vAu+ (u-Vu+Vp =f, xe€Qp(t), te(0,T), (1.1)
Veu =0, z€Qp(), t€(0,7), (1.2)

where f € L?((0,T) x R?) denotes an external body force.
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For each rigid body, we define the density p;, the center of mass h;(t), the angular velocity w;(t) and
the inertia matrix J; related to the center of mass of the i-th body by

m;

1
po= g MO= e [ wdn 0= [ ple-m@Pd= [ pltd
|B;(0)] ' 1Bi(0)| J s, (1) ' Bi() Bi(0)

i

where m; denotes the mass of the i-th body.
The motion of the i-th body is governed by the balance equations for linear and angular momentum
(Newton’s Laws):

2

ol (t) = —/ (@ — ha(t)L - ovdls + pi/ (@ — ha (D))" - F(t)da, te (0. 7).  (14)
OB;(t) B;(t)

In the above equations, the matrix o denotes the Cauchy stress tensor in the fluid and is given by
o(u,p) = —pI + 2vDlu],
where T is the identity matrix and D[u] denotes the rate of deformation tensor defined as follows

Dlu] = %(Vu + VuT).

We denote by (z1,22)t = (—z2,21) the orthogonal vector of (z1,z2) and we use the notation 9B (t) to
denote the boundary of the i-th body at time ¢t. The symbol v;(z,t) stands for the unit normal vector
directed toward the interior of the i-th body. For simplicity, Q#(0) and B;(0) will be denoted later on by
Qp and B; respectively.

We impose the no-slip boundary conditions at the fluid/rigid body interfaces
w(z,t) = hy(t) + wi(t)(x — hi(t))*, = € dB;(t), te[0,T), iec{l,... .k} (1.5)
To complete the system, we impose initial conditions at ¢t =0 :
ul, = uo, hi(0)=hY, hi(0)=h! w(0)=w) Vie{l,... k}. (1.6)
Throughout this paper, we assume that there is no contact initially between the rigid bodies; that is

V= min {d(B:(0), By(0)) i £} > 0 (1.7)

The problem of existence of weak solutions of problem (1.1)-(1.6) has been the subject of intensive
studies of many authors. We mention here Desjardins and Esteban [4] and [5]; Conca, San Martin, and
Tucsnak [2]; Gunzburger, Lee, and Seregin [13]; Hoffmann and Starovoitov [16]; San Martin, Starovoitov,

and Tucsnak [21]; Serre [22], Judakov [18], and Silvestre [23]. Most of the above references deal with the

case of a bounded domain in R? or R? and all of them - except [4] and [5] - discuss the case of a single



rigid body of arbitrary shape. Recently, Glass and Sueur investigated the problem of uniqueness of weak
solutions in dimension 2 in [11] as long as no collision occurs. In dimension 3, the question of existence of
global weak solutions was answered by Feireisl in [7]. However, the uniqueness of such solutions is still an
open question even considering pre-collisional times. After contact, it is likely uniqueness does not hold
as we miss some entropy condition describing the post-collisional dynamics.

As far as we know, the problem of existence of strong solutions for problem (1.1)-(1.6) in the case of
single moving rigid body of arbitrary shape in a cavity is investigated in several studies. A local-in-time
existence result of strong solutions in this case was proved in Grandmont and Maday [12], provided that
the inertia of the rigid body is large enough with respect to the inertia of the fluid. Further development
in this domain is the work of Takahashi in [24]. The author proves the existence and uniqueness of global
strong solution without taking in consideration the assumption in [12]. The first no collision result for
strong solutions was provided by T. Hesla [14] and M. Hillairet [15]. In [15], the author shows that any
strong solution is global under the absence of external forces in the case of a moving disk in the half space
Ri. Thereafter, it has been studied the roughness-induced effect of the rigid body and the boundary of
the domain on the collision process [10].

However, much less is known in the case of the fluid-rigid-body system filling the whole space. One of
the available results in this case is due Takahashi and Tucsnak [25], where the authors prove the existence
and uniqueness of strong solutions for an infinite cylinder in dimension 2. A similar result has been proved
in Silvestre and Galdi [8] for a rigid body having an arbitrary form. Lately, Cumsile and Takahashi
improved the result in [25]. They establish the existence and uniqueness of strong solution globally in
dimension 2 and also in dimension 3 if the data are small enough [3]. A one-dimensional version of the
problem of several rigid bodies is studied in Vazquez and Zuazua [26] where the asymptotic behavior of
solutions is also investigated. Another approach of studying this problem is developed in [9] where the
authors prove the existence of a unique, local, strong solution in the LP setting.

In this paper, we aim to generalize the local existence result of Takahashi in [24] and that of Cumsille

and Takahashi in [3] to the case of several rigid bodies. In this respect, we establish the following theorem:

Theorem 1.1 Suppose that f € L?(0,T;L*(R?)), v > 0, h? € R? h! € R? ¥ € R, ug € H(R?), and

that
V"LL() = 0, in QF,

up(z) = hl+wd(x—hd)t, z€dB;, Vie{l,... k}.
Then there exists Ty > 0 depending on |luo e (r2) and v such that problem (1.1)-(1.6) admits a unique

strong solution

(u,p, (hi,wi)ieq,..ky) €U0, T1;Qp(t)) x L2(0, Ti; HY (Qp (1)) x (H?(0,T1;R?) x H1(07T1;R))k,



where
U0, Ty; Qp(t) = L2(0, Ty; H2 (Qr () N C([0, i), H' (Qr(t))) N H' (0, Ty; L2 (Qp (1))

on [0,T1] such that Th < Tp.

Moreover, one of the following alternatives holds true:

1. T‘() == o0,
. lim sup || u(?)|| g2 (g2 3 B;(t), B;(t .
: p ( ) mlnd( z( )? ]( ))

i#]
Then we adapt the method of Gérard-Varet and Hillairet in [10] to our case and we arrive to the following

result:

Theorem 1.2 Assume that the hypotheses of Theorem 1.1 hold true and that
the fluid domain is connected at any time. (H1)

Then problem (1.1)-(1.6) admits a unique global strong solution.

First, we prove that the H' norm of the velocity field u does not explode in finite time as long as the
rigid bodies are not in contact. Then we show that collision for almost arbitrary configurations could not
take place in finite time. The proof is based on a combined fluid-body weak formulation of the equation
of motion:
t
/ / (pu-@tv—&—pu@u : D[v] —2vDlu] : D[v}—l—pf-v)d:cds—i—/' pouo - v(0)dx = (/ pu-vdw) (t),Yv e H, (1.8)
0 R2 R2 R2
where

H={ve H((0,T) xR*): V-v=0in Qr(t), Djv] = 0on Bi(t), 1 <i < k},

with u and p denote respectively the global velocity and density.

We act by contradiction and we assume that collision can occur in finite time. The idea is to construct a
divergence free vector field v and use it as a test function in (1.8). The test function v is constructed in two
steps: first we construct it locally on the bridge connecting the bodies close to contact point (see Figure 2) and
then we extend it outside the bridges by a regular vector field. When two disks approach each other, the viscous
term dominates the acceleration term leading to a differential inequality which can be integrated to obtain the no
collision result.

The novelty of our work is that we prove the existence and uniqueness of global strong solutions in the case of
several disks and the full system fills the whole domain R?. The main restriction of the global-in-time existence
result in Theorem 1.2 is that we need the fluid domain to be connected at any time. However, this assumption is
always valid in the case when we have just two moving bodies and that many body contacts are really unlikely if

we start from a sufficiently dilute suspension of bodies.



The main difficulty to handle the case of more than two rigid bodies is that collision could possibly divide the
fluid domain into several connected components. On such situation, each connecting bridge between the colliding
particles has two connected components inside the fluid domain. Unfortunately, the flux does not vanish on each
of the connected components even if their sum does. This prevents us from extending the vector field v into the
fluid domain outside the bridges by a divergence free vector field.

The plan of this paper is as follows: in Section 2, we write problem (1.1)-(1.6) in cylindrical domain by
introducing a change of variable X and then we prove the existence and uniqueness of local-in-time strong solution
for our problem. The remaining two sections are left to prove that the unique strong solution is global under the

assumption (H1).
2 Local existence for solution

In this section, we introduce the mapping X that enables to transform the free boundary value problem (1.1)-
(1.6) into a problem in cylindrical domain. We follow the same approach used in [3] and [24]. This approach is
characterized by a non-linear, local change of coordinates in a neighborhood of the rigid body. We recall that such
transform X is initially introduced by Inoue and Wakimoto [17].

We fix k functions h; : ¢t = h;(t) such that for i € {1,...,k}, we have h; € H?(0,T;R?). Moreover, from now
on we fix € such that 0 < e < 7.
Fori € {1,...,k}, we define the cut-off function ¢; € C*°(R? R) with compact support contained in B(h;(0),r;-+

2) and equal 1 in B(h:(0),7; + 25°), where 7; denotes the radius of the i-th disk.

Also, we define the functions w; : R? x [0,T] — R by
wi($1,$27t) = h;yg(t)$1 — h;l(t)a}z, IS {1, ey k} (2.1)

We define the mapping A : R? x [0,7] — R? by

k

Awr,22,t) = YV (withy). (2:2)

i=1

The mapping X is defined as a solution of the following Cauchy problem:

0X
W(% t) = AX(y,t),t), t€]0,T], (2.3)
X(y,0) =yeR%

Finally, We define the functions U, P, and F' using the transform X as follows:
Uly,t) = Jy (X(y, 1), )u(X(y, 1), 1), P(y,t) =p(X(y,1),t) and F(y,t) = Jy (X(y,1),)f(X(y,1),1),  (2.4)

where the diffeomorphism Y(.,t¢) denotes the inverse mapping of X(.,t) and Jy is the Jacobian matrix of the
diffeomorphism Y'(.,t).

We state in the following proposition the system satisfied by (U, P, (hi,w;)i=1,...,k):

)

Proposition 2.1 Suppose that for alli € {1,...,k}, we have h; € H*>(0,T;R?) is such that

B;(t) € B(hi(0),7r; + 5%5), vt € [0,T].



Then
(u,p, (hi,wi)i=1,...x) € U0, T,Qr(t)) x L*(0, T, H (Qr(t))) x (H*(0,T;R*) x H'(0,T} R))’“

satisfies problem (1.1)-(1.6) if and only if
(U, P, (hiywi)im1,...c) € U0, T, Qr) x L*(0,T, H' () x (H?(0,T;R?) x H'(0, T3 R))"

satisfies the following equations:

%[t] VLU + [MU] + [NU 4 [GP]  =F, in Qex]0, T, (2.5)
V.U =0, inQrx]0,T], (2.6)
U(y,0) =uo(y), yE€r, (2.7)

and for all i € {1,...,k}, we have:

mahl () = —/aBi Svydls +pi/83. F(t)dy, t €]0,T], (2.8)
Tl (t) = - / =) S+, / o) Fy L €lo, 71, (2.9)
Uly,t) = hi(t) +wi(t)(y — hi(0))™", in OB; x [0, T], (2.10)

hi(0) = ki, hi(0) = hi, wi(0) = w?, Vie{1,...,k}, (2.11)

where X(U, P) is the Cauchy stress tensor field associated to U and P. The operators [LU], [MU],[NU] and [GP)]
that appear in the left hand side of (2.5) are defined as follows:

2
kaU kei OU; Y ke
[LUz— Z 6 Do +2 Z FJ k@‘i’ {y F +Zg Fgérkm}Ujv (2'12)

J,k=1 g,k =1 g,k l=1
2
Y; 8UZ , 0Y, Y 90Xy
M Ik ; 2.1
[MU]: Z ot dy, ;1{ TR e T (2.13)
[NU; = ZUJ + Z i U Uy, (2.14)
J,k=1
2. .. 0P
(GP = g7, (2.15)

=" Oy

where for all i,j,k € {1,2}, we have denoted

2
g =5 oY

o Do (2.16)
p—y
ke | 0gie agﬂ _ %
T2 Z { dy; oy owe [ 2.17)
0X, 0Xy,
i = . 2.1
=y B5: Do, (2.18)

k=1



For a proof of this Proposition, we refer the reader to [17] and [24].
Following the same approach of [24], we get that for T small enough, problem (2.5)-(2.11) admits a unique

strong solution

,,,,,

Theorem 1.1 can be deduced then by using the inverse transform Y. For more details, we refer the reader to [20].

3 Estimating the H!-norm of u(t)

In the previous section, we prove that there exists a time 7" > 0 such that the problem (1.1)-(1.6) admits a
unique strong solution (u, p, (hi,w;)i=1,..x) in [0, T]. Moreover, if we define Ty as the maximal time of existence of

strong solutions, that is
Ty :=sup{T € R, : problem (1.1) — (1.6) admits a unique strong solution in [0,77]},

then one of the following alternatives holds true:

1. Ty = 400,

2. limsup ||u(?)]| + 1 e

| o = .
tHTOP HIED ™ mind(Bi (1), B; (1))

itj
In the present section, we aim to prove that the H' norm of the solution u does not explode in finite time as long

as there is no contact between the rigid bodies. More precisely, we state the following proposition:
Proposition 3.1 If Ty < +o0 and 1};1? d(B;(t), Bj(t)) > e > 0 on [0,To], then the mapping
t = [lu(®)l e 2
is bounded on [0,To) by a constant that depends on e,y and the initial data.
The following lemma shows that the mapping ¢ — |lu(t)||L2(g2) is bounded on [0, Tp).

Lemma 3.1 Let (u,p, (hi,w;)i=1,...x) be the strong solution associated to problem (1.1)-(1.6) on [0,T). If Ty < oo,

then there exists a positive constant M = M (Ty, (p;, Bi)i=1,...,x), such that

,,,,,

To

k
sup (1) E20p ) + D (RIOF + () ) +20 / IV u(t)l {2 oyt
»To i—1 0

k
< M (11320 mymey + lluol Bacapy + D (L7 + f1D)). (3.1)

i=1
Proof. By taking the inner product of equation (1.1) with u, and integrating over Qr(t), we get that

k

|u(t)|2daz—|—2y/ \D[u(t)HQdm:Z/ ()(a(u(t),p(t))u(t))-l/idf‘i—k/ Ft) - ut)dz. (3.2)
8B, (t

QF(t) i=1 Qp(t)

1d
2dt Jo



Taking now the inner product of (1.3) with h}(¢) and that of (1.4) by w;(t), and noting the no-slip condition (1.5),

we obtain
mi d 2 Jid 2
— ;| + = |wi = - sovdl;
T h;(t)] 5 a @®)| /B.(t) u(t) - ovid

—&—ﬁi/ (R(t) 4+ wi(t) (@ — hi(t) ") - fF(t)dx, Vi e {1,...,k}. (3.3)
B, (t)

Combining (3.2) with the k£ equations in (3.3) noting that the Cauchy stress tensor field o is symmetric yields

F(t)

k
%% ( /Q » Ju(t)*dz + ;mim;(t)\z - Ji|wi<t)|2>> +2v /Q | Dlu(®))*dz

- / JRCRCEEE / (B(0) + D) — ha(D)*) - F(t)d

Bi(t)

We denote by (.,.) the inner product in L*(R?) defined by

k
(qs,w):/ ¢~wdy+2/ B0+ ¥ dy,
Qp =1 Y Bi

and its associated norm ||.||z2(gz). This latter norm is equivalent to the usual norm of L*(R?).

For ¢ and v in H where
H={¢pecL*R*:V-¢=0inR% D[¢] =0 inB;, Vi € {1,...,k}},

we have:

k
(¢,0) = / O dy+ Y miVos Vs & S i
QF i=1

By Lemma 4.1 in [25], we have
HD[U]H[LQ(R2)]4 = ||VU‘H[L2(R2)]4:

Using the above inner product (.,.) and combining (3.4) together with the above relation, we get that

1d
O s +v [

. [Vu(t)*de = (f(1), ult)).

Thus for almost ¢ in [0,75), we have

t t Ty
s +20 [ [ 1V de < [l aeds + [ 176 ards + ol
0 R 0 0

Gronwall lemma implies that

To
) st < € (| 15 Eaqends + ol ) e on 0.70)
0

Combining the above inequality with that in (3.7), it follows that

t To
21// / |Vu(t)|*de < (14 Toe™) (/ \|f(s)||2£2(R2)ds + ||uo||242<R2))>, a.e on [0, 7Tp).
o Jr2 0

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)



In the rest of the work, we keep the constant M as it is defined in the above Lemma and we define K; such

that

k 1
2
K1 = (1120 msnaes) + luolZaap + DRI + f1%) .

i=1

In order to prove Proposition 3.1, it remains to bound the norm of Vu in [L*(R?)]*. To do this, we follow the

method of Cumsille and Takahashi in [3] and we start with defining some auxiliary functions.

We consider a family of smooth functions {(;}i=1,...x ; each of compact support contained in B(hi(0),7; + %)

and equal 1 on B;. For a fixed i in {1,...,k}, we set ¥i(x,t) = Ci(x — hi(t) + hi(0)) and we define the mapping

A:R? % [0,T] — R? by
k
/A\($1, T2, t) = Z Vl(wﬂ[;l)
i=1
Let X be the solution of the initial value problem

L) =AE 0,0, o1,

X(y,0) =yeR.

Then for y € B;, we have

X(y,t) =y + hi(t) — hi(0).

It is easy to see that
k

3C > 0 such that ||A]lwe(@um) < C D [Ri(H)]
=1

By the previous lemma, we get

N 1
||A||W2v°°(ﬂp(t)) S CM2K1.

Also, we define for (y,t) € R? x [0,7] and i € {1,...,k}, the mapping:

— wit
By, 1) = Wa(®mn — Ky (D2 + 2Dy — ha(o).

Finally, we define the mapping A : R* x [0, T] — R? by

A1, 22,t) = Y V(@)

‘We note here that

Ay, t) = hi(t) + wi(t)(y — hi(O))J‘, Yy € Bi,

and
k

A2 2 1)) < CZ(\hQ(t)l + |wi(®)]), vt € [0,To).

i=1
Again by Lemma 3.1, we have

— 1
Allg20p@)) < CM2Ky.

(3.10)

(3.11)

(3.12)

Next, we state the following lemma without proof as its demonstration is similar to that of Lemma 4.3 in [3].



Lemma 3.2 Let (u,p, (hi,wi)i=1,..k) be the strong solution associated to problem (1.1)-(1.6). Then for almost all
t € (0,Tp), we have

- / ( [V-o(u,p)]- (Z—? + (A VYu— (u-V)A)dzx
Qp(t)
d 2 k 12 2 ’ 2 _ 12 ’ 1
=Yt oo | Dlul["dz + Z:; (mi\hi O + Jilwi ()" — /Bi(t) pif () - (hy (1) + wi () (@ — ha(t)) )

+2V/st<z>D[U] : (Vuv]\)da:—zy/ D[u] : D[(u- V)A])dz. (3.13)

Qp(t)

Proposition 3.1 will be deduced from the following proposition.

Proposition 3.2 Let (u,p, (hi,w;)i=1,....k) be the strong solution in [0,T1], where Ty < Ty is small enough and

.....

depends on v, M and the initial data. Then there exists K > 1 such that

sup ||Vu(t)||[2Lz(R2)]4 S K(HVU0||[2L2(R2)]4 + 1)7 (314)
te[0,71]
and
T ou 12 r o, o, 2
/ i ds+Z(/ In, (s)|2ds+/ |wi(s)|2ds) < K (| Vuo|Pre ey +1)°. (3.15)
0 L2(Qp(s)) Py 0 0

where the constant K depends on Qr, Bi, v, p;, To, ||uollL2 () |hi|, |w?| and 1f 1122 0,012 (R2)) -

Remark 3.1 As the system is autonomous and dissipative, then for all t > 0 the above proposition is still valid

on any interval [t,t + T1] C [0, To].

Before giving the proof of Proposition 3.2, let us see how it implies Proposition 3.1.
Proposition 3.2 implies that the mapping ¢ + ||Vu/|[p2g2)j4 is bounded on [0, T3] for T1 is small enough. We can
choose T1 such that Top = NTi, for some N € N*. This implies that

V()22 gays < K[ Vu((n — 1)T1)|22gays + K, aeon[(n— 1Ty, nTif, n=1,...,N.

By induction, we get that

" Kn+1 - K
[Va(t)|[fr2gays < K| Vw(0)][f2gays + — -7 aeon[n-1)T,nNi[,n=1,...,N,
and thus
KNt K
sup [|Vu(t)[[fr2mays < KN [[Vu(0)||fz ey + Kol
t€[0,To[

Combining this result with Lemma 3.1, we get that for To < 400, the mapping ¢t — |Jul|g1(2) is bounded on [0, To)

whenever there is no contact between the rigid bodies.

3.1 Proof of Proposition 3.2

Taking the inner product of equation (1.1) with d;u + (A - V)u — (u- V)A yields to

10



/ Ou® / %-(([\-V)uf(u-V)A)dmf/ V- o(u,p) - (g“+(A-V) ~(u- V)[\)
QF ap) 9 Qr(t) t
ou Ou
—_ [(u-V)u] - (7 + (A Vyu—(u- V)A)dz + £ (— + A V)u—(u- V)A)
o ot ot
F(t) Qp(t)
Combining the above equation with the formula in (3.13), we obtain
H L |dx+z<m|h )2 +J|w()|>
L2 (25 (1)) dt QF(t) ' '

- 21// » (D[u] . D[(u-V)A] - Du] : (vuv[\))dx

+Z/

B; (1)

2,)- () () + @ (O~ i (0)")

(3.16)
—/ % . ((A.V)u— (u V)A)dr
Qp(t)
ou " "
- [(u- V)] - ( + AV (u- V)A)d:p
Qp(t) ot
F
Ou .
+ f- (— +A-Vu—(u- V)A) a.ein (0,71).
Qp(t) ot
F
By using the estimate in (3.1), there exists a real constant Cy = C1(To, v, (p;, Bi)i=1,...,k), such that the following

holds true for almost ¢ € (0,7})

21// Dlu] : D[(u-V)A] — D[u] : (Vuv]\)dx’ < G (A4 KDIVullfizp@ns + K1),
Qp(t)
_ " ’ 71. J,L ’ mq
pif(z,t)- (hi (t) +w;(t)(z — hi(t))L’ < %Hf”i"’(Bi(t)) + 5|wi(t)|2 + 7|hi ®)°,
B (t)
ou " "
& ((A«V)uf(u-V)A>d ’ < 4‘
ap@) 9

[, oo (5w o) < 1

O KT Vulltie oy + C1ET,

2 2
L2 (1)) + ClKl Hvu||[L2(QF(t))]4 + C1K;l,

+ 3 (u - V)UH?R(QF(Q)

L2(QF (1)

ou " 1| 0u
/Q 1 (5 GV V)A)dm’ggHa
F(t)

Combining the above estimates with (3.16), we get that

illa

2 2 5 2 4
L2<QF(t)) + ClKl HVuH[Lz(QF(t))]z; + §||f||L2(QF(t)) + ClKl.

k

d 1 -
—I—V— ul|“dx + = (mzh +Jiwit )

SR AL #32 (m i (0)

<G (Kl + (KT + DIIVullfrzop oy + Hf”i?(m@)) +3l(u- Vullzpy-  (3:17)

We are now in position to estimate the term (u-V)u in terms of the left hand side of inequality (3.17). To do this

we need the following lemmas and we postpone their proof to the Appendix.

11



Lemma 3.3 There exists a strong 2-extension operator E for Qp(t). Moreover, there exists a positive constant

k = k(g) such that for u € H?(Qr(t)), we have:

lBullLz@zy < kllullLzop @) (3.18)
|Bulla ey < kllullat @ @) (3.19)
Bullgz@ey < kllullaz@pe)- (3.20)

Lemma 3.4 Let u be the unique strong solution of problem (1.1)-(1.6). Then we have

+ Hu”iQ(QF(t)) + ||VU||[2L2(QF<z))]4 + 1 fll2@p ) + Al sz 2y + 1)7 (3.21)

ou
[ < K(H—
lullee @ o) < Ot llL2(0p(4))

where K is a positive constant that depends on Qr, Bi, p;, v, To, [|[uol|lL2@2y and || f|£2(0,19;L2®2))-
We return now to complete the proof of Proposition 3.2. Lemma 3.3 implies that
2 2 2 2
(w- V)ullizop @) < I(Bu- V) Eullte@e) < |EullLs@s) |V Eu|La @2).-

Moreover, using the continuous embedding of H*/? (R?) into L*(R?) and the interpolation inequality in Lions-Magenes
[19], we have that
1/2 1/2 12
21l ae2) < Call2ll a/2gey < Collzll ooy 211 gays V2 € HY(R?),

where Cy = C5 (Rz) is a positive real constant. Hence, we get

1w Vullfzape < CollBullLe@e | Bullar @2) IV EullL2 @2) |V EBullai g2
< CollullLz o p e lulla @p o) 1 Bulla @2) | Bullaz @2y (3.22)
< Collulluz @ ) 1l o o 1l B2 (@0 0))

< 02||u||L2(QF(t))(HuHiQ(QF(t)) + ||VU||i2(st(t)))HU||H2<QF(t))~
Let K > 1 be a constant that depends on Qr, B;,p;, v, To, ||uollL2w2) and || f|lL2(0,7;L2(r2)) that may changes

between lines.

Combining (3.22) with Lemma 3.4, we get that

2
=+ ||u
L2(@p(6) l HL2(QF(t))

I VYuleapa < Klullap o (Rl @po + Vel @pons) (| 5
+ IVullz@p e + 1fle2pey + A lm2@e) + 1)- (3.23)

By Young’s inequality, we get for all € > 0

+ ||u||i2(np(t))

K
I )l < Gelluliacaron (leliaconn + 190l a0m o) + (] 5 |

+ HVUH?LQ(QF(t))]‘l + ”f”iz(ﬂp(t)) + ||X”%—II(R2) + 1>7 (3.24)

By combining the above inequality with (3.1), we get

I Dl < K0+ 19ulsoapine) + (|5 L+ W20 ) (3:25)
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We set € = L in (3.25), then we combine the resulting inequality with that in (3.17) and thus we get that for

12
almost ¢ in [0, 71]

k
d 1 / 2
—I—I/— ul|“dx + = (mzh —i—Jiwit )
ey TV Sy, o PP QZ | i ()]

a5

< K(l + IVull{z2ap@ne + 1F1E2@2) ) 1 H

Hence, for almost ¢ in [0,T}], we have

k
1 2
i 2dt/ Vul?de + 5Z(mh I+ i (917)

ill5

= K<1 +IVulfz@p@y + ||f”l2t7->-

By integrating (3.27) with respect to ¢, we obtain for all ¢ in [0, 7]

= ds+ - |Vul|?de 4 = ml/ |h |ds+J/ \w, \ds
4/0 L2(Qp(s)) / Z

at

v
< GVl + K (15 [ 1908t + [ 19ulens).
0 0

The above inequality implies that

t
||qu[2L2(]R2)]4 S ||VUOH[L2(R2)]4 =+ K —+ K/ Hvu”i2(R2)]4dS, a.e on [O,Tl]
0
Applying Gronwall’s lemma to the above inequality yields to
T
IVulfa s < (IVuollfamays + K ) exp (K/ [Vulfy2(eayyeds ). ae on [0, 71,

0

and thus by (3.1), we get that

|\Vu||[2L2(R2)]4 < K(HVUOH?LQ(]RQ)]‘L + 1). a.e on [07 Tl].
Moreover, by combining (3.28) with (3.31), we get for almost ¢ on [0, T]:

1 [ 0ul? v 1 ¢ ‘ !
2 " 2 ! 2
1/U oo+ 3 IVl 52_: m,-/ 1 (s) ds—i—Ji/ fwr (3)/ s

ot

14
§||VUOH L2r2)s + K+ KTh (HV’LL()H [L2(r2))4 T 1) .

4 Mechanism preventing from collision

L2(Qp(1)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

This section is devoted to accomplish the proof of Theorem 1.2. We follow the approach used in [10] and [15].

We act by contradiction and we assume that collision could take place in finite time under the assumption (H1).

The idea is to construct a proper candidate v and use it in the weak formulation (4.26) leading to a differential

equation which can be integrated so that we get the no-collision result.

13



4.1 Construction of the test function

We suppose that Ty < +o0o and we start to prove that collision in pair - as that between the disks B; and B2 or
between Bs and B7 in Figure 1 - could not take place. Both cases can be summarized by the assumption that one

disk has a collision with only one other disk. Up to renumbering, this assumption can be stated as follows:
d(Bl(T()), BQ(T())) =0, and d(B1(T()), BZ(T())) >0,Vi=3,...,k. (H2)

Since the disks By and Bs collide at Ty, then we can choose an initial time to < Ty such that for all ¢ > to and all

Figure 1: Example of collision at time Ty

j ¢ J, we have d(Bi(t), B2(t)) < 2r;, where J = {1, 2}. In other words, we can choose initial time ¢¢ such that there

is no possibility to find a disk separating the rigid bodies B1(t) and Baz(t) for all t € [to, To]. For alli € {2,...,k},

we define di,;(t) := d(B1(t), Bi(t)). Since d1,;(To) is positive as long as ¢ ¢ J, then § := <in£T II;I]l dy,i(t) > 0.
to<t<Tp 1

Also contact at time Ty can only occur at a single point between any pair of disks as the domains of the rigid

bodies are convex.

Y2

By

Y2 = wtop (yl)

Figure 2: Geometry in the local coordinates
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We will see later that the expression of the test function v involves the boundary functions of the disks in

the neighborhood of the contact point. This oblige us to define the vector field v at first in the local coordinates

hi(t) — ha(t
(h1(t), e1(t), e2(t)), where ea(t) = I (t) = ha(t) and e;(t) = —e3 (t), so that we can always represent the bound-

R (t) = ha(8)]

aries of the disks close to the collision point by a suitable boundary functions of simple expressions: one is the
lower boundary of the disk By and the other is the upper boundary of the disk Ba.

We introduce the change of variable Y defined as follows:

(x=hi(t) - (ha(t) = h2(t)* (&= ha(t) - (ha(t) — ha(t))
Y(t = - . 4.1
(t:2) ( @ —ha@] 0 b0 — ha(D)] (1
In what follows, we fix h € (0, dmax) Where dmax := sup di,2(t). In the new coordinates, B is the disk of

to<t<Top
center (0,0) and radius 71 whereas Bs is the disk of center (0, —r1 — r2 — h) and radius 72 (see Figure 2). Also, we

fix § > 0 such that 26 < min(r1,72), and we define the bridge As, in the local coordinates by

Asn={y €R*: |y1] <20, ¥u(y1) < 2 < Yrop(y1)},

where the boundary functions ., and s of the disks B; and Bs respectively are given by:

wtOP(yl) = V T% - y%? Vyl S [_7'1,7’1],
Yy (y1) = 4/ r2—y?—r1—ra—h, Yy €[-ra,m2].
Moreover, we choose § such that

Asay 1) N Bi(t) =0, Vt € [to, To], V5 ¢ {1,2}.

Before we proceed, we mention some properties of the boundary functions ., and v that will be useful later on.

It is easy to see that for all y € Asp, we have:

Y2 — Po(y1) < Yrop(y1) — Yu(y1) and b < Prop(yr) — Pu(y1)- (4.2)

Moreover, there exists a constant K = K(d,r1,r2) such that

[Wiop(y1)l < Klyal,  [5(y1)| < Klyal, Yun € [-26,24], (4.3)

rop(W1)] < K, [trop(y1)] < K, Yy € [—26,24)]. (4.4)

Furthermore, the following inequality

2
%§17\/17t2§t2, vt e [-1,1],

implies that
h+ayi < Prop(yr) — du(y1) < h+ 2ayi, Yy € [-26,20] (4.5)

: _ 1 1
with a = Ty + Frg

We turn now to define the test function v. To describe v in the neighborhood of B;, we define a smooth function

¢ : R? = R with compact support included in B(0, «) such that ¢ = 1 on B(0, ”;a ), where
a <min(r1 + B,/r? + 62).
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Then we introduce a smooth function x : R — [0, 1] such that
1 if |r| <,
r) =
0 if |r| > 26.

Vp 1= ngh’ (46)

We set

where §n(y) = y1on with 5 : R? — R is defined as follows:

on =¢ in R*\ (A5, U (B2n B(0,a))),
Y2 — Yu(y1)

-1 Y2 —e(y1) %o .
o= (1= X)) + xton) (5 2SS ) (3 2 S ) i s,

on =0 in B2 N B(0,a).

Finally, we define
v(t,z) = Jx (Y(z,t),t)o(Y (z,1),t), (4.7)

where the mapping  is defined from R? x [0, Tp) into R? by

(Y, t) = Day (1) (Y)- (4.8)

Remark 4.1 We note that ¢, and hence Ty are reqular up to h = 0 outside Asn, and singularities at h = 0

correspond to the term

. y2 — ¥u(y1) 2 y2 — Yu(y1)
gny) = (wtop@n) —wb<y1>> B2 o —wb@n))’ (4.9)

as it involves the difference term between the boundary functions 1iop and Y. Hence, all the Sobolev norms of Uy,

are dominated by a constant in Qrn\As n, where Qpn denotes the fluid domain in the new geometry.
We state some properties of Uy, in the following lemma and in this respect, we refer the reader to [15].

Lemma 4.1 Let h > 0, then T, € H? (]Rz) and has a compact support. Moreover, we have:
i. V-9, =0 in R?,
1. Up, = e2 on Bi.

i15. vp, = 0 on the other disks.

4.2 No collision result

This subsection is dedicated to prove the following theorem from which we can deduce the proof of Theorem

1.2.
Theorem 4.1 Assume (H2) holds true, then we have d(B1, B2)(Tp) > 0.

To prove the above theorem, we need some estimates on the test function v. The following lemma shows that we

can perform such estimates on the vector field v instead of v.
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Lemma 4.2 Let u(t) € H'(R?) and v(t) € LP(R?) be two vector fields with p > 1. We define u(y,t) =
Jy (X (y, ), t)u(X (y,t),t), where X denotes the inverse of the diffeomorphism Y defined in (4.1). Then we have:

lv@®)llLe @2y = [0(8)]lLrr2), t € 0, T0),
Dlu] : D[v] = D[a] : D[7], Vv e H'(R?).

The above lemma is straightforward from the fact that the diffeomorphism Y is an isometry.
Next, we state the following lemma which enables to estimate some terms in the weak formulation, such as the

non-linear term and the source term.

Lemma 4.3 Let h € (0,dmax) and consider the vector field Un defined in (4.6). Then there exists a constant
Ky = K (6,71, 72, dmax) such that the vector field Ty, € LP(R?) for all 1 < p < 3 and we have

1Tn e 2y < K- (4.10)

Proof. By Remark 4.1, all the Sobolev norms of U in Qrn\As,, are dominated by a constant. From the definition

of g in (4.9), we have

Tn(y) =V (11 (1= x®)8®)) + 9 (1) V' x(W) + x@)Vgn(y), Yy € Asp.

Using the properties of the boundary functions ., and v stated in the previous section, we get that there exists

K = K(6,r1,72) > 0 and C > 0 such that

lgn(y)| < K, (4.11)
9gn yi
aT/l(y)‘ = C+K1/1top(y1) *%(yl)’ (4.12)
9gn |y1]
’am (y)‘ = wap(yl) —p(y1)’ (4.13)

This implies that for all y € As p, we have:

- ol _ Ryt
‘Uh,l(y” < C(l tEA l/Jtop(yl) - wb(yl)) and |Uh72(y)‘ - C(l TR wtop(yl) - "/)b(y1)>

Hence, 75, € L*(As.) and thus it is in L*(R?). For 1 < p < 3, there exists a positive constant K, =
K. (8,71, 72, dmax) such that

25 »
[0 W) E s, ) < Ko 1+/ vi ).
I s ( o (Yeop(yn) = u(w1))” ! 1)

Using the inequality (4.5), we obtain

D P

/25 y 28 y
! —diy1 S/ ———dy,
0 (¢t0p(yl) - wb(yl)yo ' 0 (h + ay%)p '

and thus

25
_ dy:
o) sy < Ko (14 / ).

The integral in the right hand side of the above inequality is finite as |p — 2| < 1, Therefore (4.10) holds.

To estimate the term that contains 0:v in the weak formulation, we need the following lemma:
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(4.14)

HahthLZ(]RZ) < K.

Y2 — ¥u(y1) 2).

(trop(y1) — ¥u(y1))

Lemma 4.4 Let h € (0,dmax). Then there exists a positive constant Kpy = K (0,71,72, dmax) such that
Proof. From the definition of g in (4.6) and by standard calculations, we have for all y € As p:
_ 2
(y2 — ¥o(v1)) +

(o —o(y1))® 9
Yrop(y1) — o(y1))* (Yrop(y1) — ¥u(y1))3

0030 (v) ) = 6w () ¢
Hence, there exists some C' > 0 such that
[Ongn(y)| < C vl , Yy € Ash.
Ytop(y1) — Pu(y1)
Combining the above inequality with the fact that g, is smooth outside As j and is with compact support, we get

that there exists K, > 0 that depends on §, 71,72 and dmax such that
26 yg
ngn(y)*dy < Ko + C/ ! dys.
/Rz | W) 0 Yrop(y1) — (Y1)
2
ayi
dyz,
h+ ay? Y1
O

Hence,
25
/ |0nn (y)|*dy < Ko + —/
R2 @ Jo
and as ayi < h + ay?, we get the estimate (4.14).
The following proposition shows why the vector field v is a good candidate to our problem.
Vi, +wi(y — yci)l on B(Gi,r:),

u(y) =

Proposition 4.1 Let h € (0, dmax) and @ € H*(R?) such that for alli € {1,...,k}, we have
where G; denotes the center of mass of the i-th disk in the local coordinates. Then there exists a positive constant

K = K (6,71,72, dmax) such that

211/ D[@h} : D[ﬂ]dy — ’fll(h) (Vg,l VE’Q) €2
As.n
[a3! (h) = / (QI/D[ﬂh] — th)ndl“l e
9As ,NOB

where
Moreover, there exists an absolute constant K = K(0,r1,72) such that
~ K
h2

Proof. Without loss, we may assume that v = 1. By noting that
ATy, - uw =2V - (D[or]u) — 2D[vn] : D[]
D[vp|n — qhn> -adl,

and performing integration by parts, we get
DIvy] : Dlu)dy +/
9As.n

/ (Aﬁh — th) -ﬂdy = 7/
A, h A, h

18
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for some pressure g,. The idea now is to find a good pressure field g, on As, such that (4.16) holds. We start

with computing laplacian of 75, and we find that

—0112n — O2220n
Avy, = g g .
01119n + O122n
We construct the pressure field g5 such that

—20112Gn — y1(1 — X)3222¢>

Avp, — Vaqn, =
O1119n

To match this property, we define

an(y,£) = Dragn(y) + / 5 ( wtoplé)s fiz(s))gds, vy € Asn. (4.17)

On the other hand, we have

/ (— ATy + Van) - udy = / (28112§hﬂl - 3111§hﬂ2)dy + / y1(1 = x(y1))O2220(y)Ur dy.
As.n As.n A

S,h

By performing integration by parts, we obtain

ou ou
/ (23112@1@1 - 3111§hﬂz)dy = —/ O11dn (2671 — 872)6121 +/ O11gn (251712 — ﬂzn1)df. (4.18)
Asn A Y2 Y1 9As h

5,h

For y € As pn, we have
A11gn(y) = 011 (11 (1 — x(11))¢(¥)) + O x(y1)gn(y) + 201X (y1)D1gn(y) + X (y1)O119n (y)-

Hence there exists C' > 0 and K = K(d,r1,72) > 0 such that
|01 ()] < K(l + vl

This implies that there exists a positive constant K, = K, (0, 71,72, dmax) such that

26 2
1011n(5)I72 a5 1) SKm(”/ a dyl)
0

+C.

and thus
101131 (W) |72 a5,) < Kom-

The above inequality implies that

Bul _ 0w ouy
o o )] < 5 ([ 5
) / ! 1gh 3y2 32/1 Y 0ya

We turn now to estimate the boundary term in (4.18) and in this respect we have

H 662
L2(As,n) oy

Lz(Aé,h>)'

25 / 3 26 / 3
_ _ |y [|¥top (1)l _ |y || (y1)|

611g;{d2n1dr‘ < Km( U||Lee / P dy1—|— U|| oo dy1

’/A Bl [ o) — oz @I~ | ) — o)

+/ 511§hﬂzn1df). (4.19)
A5, n 0 {ly1|=25}
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Noting that 011G is regular and odd, we get that

Piop(29)

/ O11gnuenydl’ = / 0119120, y2) (U2(26, y2) — U2(—26, y2))dy2
9As nN{ly1|=26} Py (26)

Ptop(26) 26
= / 0119n (29, yz)/ O u2(s, y2)dsdys.
(26 25

This implies that there exists a positive constant C' such that
‘/ allﬁhﬂznldr‘ < Cllonu2 || L2 (- 25,26) % [y (26) brop (26)))
0As, pN{ly1]=26}
Combining (4.19) with the above inequality noting (4.3) and (4.5), we obtain that
‘ / aughﬂgmdF‘ < Km(”ﬂHLW(Bsz) + ||3lﬂ2|\1:2([726,2s]x[%(25),@0?(25)]))
dAs h
< Km (||ﬂ|\L°°(BluBz) + ”61@2HL2([726,26]><[wb(26),wmp(2§)])>'

Moreover, we have

26
’/ 811§m1n2dF‘ < Km‘ / A1 gn(y1, Yrop(y1)) (Va1 + w Prop(y1) ) din
0Ash

—26

26
+/ O11dn (Y1, ¥o(y1)) (Vao + w vu(y1) ) dys |-

26

As 011G is odd with respect to y1 in the time 1:,p and 1, are even with respect to yi, we get that

/ 811§h61n2d1“ =0.
AAs h

Combining (4.19) with (4.3), (4.5) and the above inequality yields to

_ _ _ _ ou
Avp, — V «ud‘<Km(u + |||y 00 +‘—
’/Aa,h( h Qh) Y| = H ||L2(A57h) || ||L (B1UB3) Dy £2(Ag )
. H% n H% ) (4.20)
Oyr llzcasy,) 11 0y1 L2 ((—26,26) x [ (26), 0 (26)])

We turn now to compute the line integral on (4.16). It is not difficult to check that

Ovn1 and OV 2
th 8y1 8y2

are even with respect to y1 whereas

OVk 1 OUn,2
and
8y2 8y1
are odd with respect to y1. This implies that

/BAML (2D[@h]n — qhn> .

with

g

(t)dF = fll(h) VEJ - €2 + ﬁz(h) VE,Q - €2 =+ /

9As hN|y1|=26

(2D[§h}n — qhn) -udl

fii(h) = / (QD[Eh]n — qhn)dfi ~ez, 1=1,2.
9As nNOB;
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As Vo, and ¢, are regular on 0As , N {|y1| = 20}, then there exists a constant K independent of h such that

/ (DEaln = qun) - Tl < Kfulig .-
9As hN|y1|=26

This implies that

‘2/ D[vs) : D[a)dy —fia (h) Va1 -e2 =2 (W) Vg 2-e2| < K ([llL2 (e ) + 1ullLos (8,0B,) + VAl 122y ), (4.21)
As,n

By integration by parts, we have
/ (AT, — Van)dy - e2 = —/ <2D[Eh]n — q;m,) dr - es.
As,h 0As,h

Since

Ptop(29)

/ (QD[ﬁh]n - qhn> dr' - e = 2/
9As N {ly1]=26} Py (26)

Ivpa Ovn,1
1 (26, (25, )d
(it (-20.m) + Gt 20.42) )y

wtop(Q‘s) a— af
+2/ ( avh’Q (_267 y2) + ghﬂ (267 yZ))dy27
;,(26) y v

OVp,2 OUn,2
and as = and

82/1 8y1

are odd with respect to yi1, then the above integral vanishes and hence we get

/ (—A@h + th)dy ceg = N1 (h) + ﬁz(h)
As,h
Setting u = ez in (4.20), we get that
’ / (Aﬂh — th)dy cea| < K.
A5, h

This implies that
n2(h) = —n1(h) + O(Km).

Combining the above result with (4.21), we obtain that

‘2/ D[n) : D[uldy — 71 (h) (Vix — V) - €2| < Ko ([[EllL2 (o) + lullioe (8,080) + VUl 22@2y4),  (4.22)
A, h

Thus, (4.15) holds.

By similar way, one has:

’2/ |D[n]|*dy — 71 (h) Vi, 1 - e2 — fia(h) Ve, o - €2
As.n

— _ OVh,1 OUh.2
< tnan [ o1 )
" H hHLQ(AO’h)) ” h”L (B10B2) 0y L2(As.p) o1 L2(As.p)
By Lemma 4.1, we have ), = e2 on B; and vanishes on Bz. This implies that
n1(h) > 2/ \D[ii]\Qdy—Km (“EhHLQ(A(; W) FTRlLoe (B UB,) + H P ‘ P,z ) (4.23)
As ' Oy2 L2(As,n) Oy L2(As.p)
Standard calculations show that
91 1 Y2 — ¥u(y1)
- y:fy117xy1822¢76y1xy1( -2 )
gy, W)= Tl mx) N e ry Ev o) R T Ty Y e I
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This implies that

OUn 1 |y
—(y)| < C(l + )
ays V) (Bron(01) — o512
Combining the above estimates with the fact that M = —011Jn, we get that
Y1
K

Oy < Em, (4.24)
0y2 L2(As.p) h%
2 < K. (4.25)
Oy L2(As.n)

To bound from below D[] in [L*(As,)]*, it suffices to bound from below 8U;’1
2

in L?(As,5).In this respect, there

exists K = K(d,71,72) such that

OUp1 K
[ Y2 llz2 2(As,n) 2 h%

Combining (4.23) with (4.24), (4.25), and the above result, we obtain

K
ni(h) > —.
1( ) = h%
a
Now, we give the proof of Theorem 4.1.
Proof of Theorem 4.1 We plug the test function v defined in (4.7) into
/ (pu -0+ pu®u: D] —2vD[u] : Dv] + pf - v)dm = % / u - vdz, (4.26)
R2 R2

and we start to estimate each term separately. Lemma 4.2 and Lemma 4.3 imply that there exists a positive

constant K,, = K, (0, dmax) such that

| [ #(6)16) - 0(6)s] < Kol o e (1.27)
R2

We turn now to bound the non-linear term and we have

| [ otou(s) @) Dioelde] < Kol oy (el e + | /

As,dy o(s)

u(s) ®u(s) : D[v(s)}dm)).

By performing integration by parts, applying Holder inequality and noting that the vector field v is uniformly
bounded outside the As,n, we get

‘/A s) @ u(s ):D[v(s)]dz‘

5,d1,2(s)

IA

| /A ) )us) - o) + /@ et ]
o

5d12()

IN

Cllu(s) HHl(]RQ)||§d1.2(8)||L5/2(A5)d1 2() + Km(”u(S)Hi%RQ) + HVU(S)H[QLQ(R2)]4)'

Combining the above result with Lemma 4.3, we obtain

| [ otorute) @ ute)  DIo(9lds] < Kool oy syl oy sy + V(e (429
R2

For simplicity, we denote d1 2(t) by h(t). With this notation and from the definition of the vector field v in (4.7),

we have
/Rz p(s)u(s) - Dyv(s)ds = /R2 p(s)ul, s) - B (JX(Y(x,s),s)v(y(x,s),s))dx

= /Rz p(s)u(z, s) - O, (JX(Y(ZE, 5),8) (vﬁgh(s))(y('xv 3)))d$
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By noting that

we obtain

and thus
/R plouls) (s = / (e, 5)- 7 (o (¥ 2,9) )
By performing integration by parts on the space variable, we get that
/RZ u(z,5) - 072 (Guo (V (2,9)) ) dr = /[R (5 ) = 522.0,9)) 01 (i (¥ () )

By noting that
2

01 (G (Y (2,5)) = B (O30 (Y (2,)) + > ¥ (@003, Gnco (¥ (),
1=1
and )
aXi H aY; U /
<1, <1, [|Y{ |l <c hi (1),
‘ Oy llLee@2) — O llLoo m2) — ¥l e ;| )

we get that there exists a positive constant C such that

| [ ut5)- 072 (o (190,90 )| < €IV s {191 (101100 Do
R2

* [ /A |3h§h<t>(y)\2dy]

5,h(s)

,h(S))

)+Km_§2:|h;<t)}.

1
2

By Lemma 4.4, we get that
2
‘ / p(s)u(s) - Orv(s)dz| < Koml|pll Lo 2 x(0,70)) ( up B ()] + Y 1)) [Vau(s)llpz2 ey (4.29)
R2 s€|0,To =1

Adding the term 71 (d1,2(s))(Va,1 — Va,2) - e2(h) to both sides of the weak formulation (4.26) and combining the

resulting equation with Proposition 4.1, Lemma 4.2 and the estimates in (4.27), (4.28) and (4.29), we get that
d -
[0 [ o) w(e)da 4 s o) Vs = Vi) - ea(] < K (14 Nl + 9.
R2

where K, = (6,dwm, lloll Loe (0,10) x®2) | flL2(m2)) is @ positive real constant.

By noting that

ly, s) = Jyhi(s) + o (s)y*, y € IB(G1,m),

u(y, s) = Jyhi(s) +w2(s)(y —ye) " y € IB(Ga,r2),

we obtain
(Vi — Vi) - ea = di »(s).

This implies that

d .
|5 / p)u(s) - o(s)d + dy o()its (dr2(5))| < Ko (14l Eagasy + IVl
R
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Integrating the above inequality from to to t < Ty, we get that

’ /1R<2 p(t)u(t) - v(t)dx — /Rz p(t)u(to) - v(to)dx + /t d;’Q(s)ﬁ1(d1,2(s))ds

to

< K. (TO + sup
t€[0,Tp

t
Tulfen + / 190l o)
to

Combining together Lemma 3.1 with Lemma 4.3, we get that there exist M > 0 that depends on Ty and the initial

data such that
< K, M.

’ /tt d;72(8)ﬁ1(d1,2(8))d3

With the change of variable h(s) = d1 2(s), we get that

di,2(t)
‘/ ﬁl(h)dh‘ < K,,M.
d

1,2(to0)

Again by Proposition 4.1, we get that

dy,2(t)
/ | < K,
d1,2(to) h2
and thus
1 1 /
- < -+ K,,.M
[di2(t)]2  [d12(t0)]2
The last inequality implies that
sup < K| .M

1<Ty [dr2(t)]2

O

Proof of Theorem 1.2 By applying Theorem 1.1 and Proposition 3.1, our proof reduces to obtaining that no

Figure 3: Collision between particles dividing the fluid domain into two connected components.
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collision occurs in finite time under the hypothesis (H1). We act by contradiction and we assume that collision

could take place in finite time. We define the the non-empty set J of cardinal 2 < m < k as follows
J={je{l,... k}:3i #j,1<i<k, d(BiB;)(Tp) =0}.
For i € J, we define the non-empty set of indices J; by
Ji={jeJ: j#i, d(Bi, B;)(Tp) =0}.

We claim that there exists ¢ € J such that card(J;) = 1. Otherwise, we have card(J;) > 2 for all ¢ € J. Hence for a
fixed i € J, there exists i1 € J;, and as card(J;,) > 2, then there exists iz € J;; \{io}. By recurrence, we construct
a sequence {i¢}een such that for all £ € N, we have ig41 € J;,\{i¢r—1}. Since card J is finite, then there exists two
positive integers £ and p such that i¢4, = i, and a simple draw shows that the center of masses h;,, ..., hq,, of the

disks B;,,...,B form a set of vertices of a simple polygon P, whose complement is the union of two connected

iK+p

components C; and C. Furthermore, the fluid domain Qpn C P° and we have Qpn NC; # 0, for i = 1,2 (see
Figure 3). This contradicts the assumption (H1) in Theorem 1.2.

Let j denote the index of the disk that the disk B; only collide with at time Tp. Up to a renumbering, we assume
that ¢ =1 and 7 = 2, so that (H2) holds true. We apply then Theorem 4.1 and we obtain a contradiction.

Appendix

A Proof of Lemma 3.3

Let t < Tp, 0 < e <y and u € H*(Qr(t)). We consider a family of smooth functions {xi}i=1,...x each of compact
support included in [—r; — §,7; 4+ 5] and equals to one on [—r;,7;]. For each i € {0,...,k}, we define the function
u® : Qp(t) — R?, such that

ul(z) = xi(]z = hi(D)Ju(z), 1<i<k

and .
uw® =u— Zu(i).
i=1
Moreover, for i € {1,...,k}, we define the function v") : B(h;(0),7; + §)\Bi(0) — R? by
0 =0 (2 + hi(t) — hi(0)).

We note that v € H? (B(hi(O),ri + %)\BI(O)) for all i € {1,...,k}. We set 79 = Ev®, where E is a strong

2-extension operator for Qp. By Theorem 5.22 in [1], there exists a constant k = k(e) such that

1T ey < kllu@ |2 @p ) (A.1)
1T ey < Elu® e o)) (A.2)
1T a2y < Elu® 20 0)- (A.3)
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We note that 7¥ vanishes outside B(h;(t),r; + £) for all j # 4. Finally, we set
k
i=1

where 79 (z) = 79 (x — hi(t) + hi(0)),¥i € {1,...,k} and @ is the extension of u'*) by zero over the disks. We
remark here that @(®) € H? (R?) and for simplicity we remove the tilde.

Hence, for z € Qr(t) we have
k
Bu(w) =u® (@) + Y 5 (x — hi(t) + hi(0)).
i=1

If x € B(hj(t),rj + %)\Bj(t), then = — hj(t) + h](O) € B(hj(O),Tj + %)\BJ(O) and x ¢ B(hi(t),m + %)\Bl(t) for
all i # j. Hence, for all i # j, we have x — h;(t) + hi(0) ¢ B(hi(0),r; + §)\B:i(0) and thus

Bu(z) =u(2)+09(z - h;(t) + hy(0))

k
Now, if x € Qp(t Bhio,ri—i—i,thenx—hit + h;(0 B(hi(0),r; + £) and thus
2 2

=1

Eu(z) = u'”(z) = u(x).

Moreover, there exists a positive real constant k = k() such that

k
[EullL2@e) < ”u(O)”L2(R2) + Z ”ﬂ(Z)HLZ(Rz)

=1

k
< kllullee @y + 10D lL2z2)

=1
k
< kllullLa (o)) + kz ”u(’L)HL2(QF(t))
i=1
Hence, we get
| BullLe @2y < EllullLzpe)- (A.4)
In a similar way, we can prove
|Bulla ey < kllullat @p @) (A.5)
|Bullazeey < kllullazope)- (A.6)
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B Proof of Lemma 3.4

We can consider that the solution (u,p) is a solution of the following problem at a fixed time ¢ > 0:

uw—vAu+ Vp =, in Qp(t),
V.u=0, in Qp(t), (B.1)
u(z,t) = hi(t) +wi(t) (@ — hi(t)*, = € Bi(t), Vi € {1,...,k},
where
f=—Z—(u-V)u+tf+u (B.2)

By using the change of variables X defined in (2.3), we see that (U, P) as defined in (2.4) satisfies the following

problem:
U—-vAU+VP =g, in Qp,
V.U =0, in Qp, (B.3)
Ulos, = Alos,, vie{1,...,k},
with
g:y[(L—A)U]—[(G—V)P]—[MU]—[NU]—a(,)—[;—&—F—l—U7 (B.4)

where [LU], [MU],[NU], and [GP] are defined as in (2.12)-(2.15).
By Theorem 2.1 in [6], there exists a unique (U, P) € H*(Qr) x H*(Qr) solution of problem (B.3). Moreover,

there exists a constant C3 = C5(v, Qr) > 0 such that
HUH[H2(QF)]2 + ||VP||[L2(QF)]2 < C3(H§||[L2(QF)]2 + ”K”[HQ(R?)]?)- (B-5)

We start with estimating the first term in the expression of §. We have:

2
. . o2U.:
L— AU < IE 9| Lo :
I = 2% g, fj;ug tlee@m | 5ae ] o
+z2:H89jk U L 22: 16 il oU;
v s oo (51p) Bur L2 ‘ g e @p) it gkl (QF) B L2Qp)
7,k=1 7.k, 0=
) ,
39“ i ke oy,
3 {1 TS llzosiere + g™z || 52
jkzézl Ok llpoe@p) @ N 8y, [ oo e
2
174 L
+> llg |\Lm(nF>|\F;?e||Loo<nF>||rz,m||Loo<nF>}||Uj||Lz<QF),
m=1
(B.6)

In what follows, we denote by K a positive constant that depends on Qr, Bi, p;, v, To, [|uo|lL2®2) and || f|| 120,712 (r2))
that may changes between lines.

From the definition of g/, g; ; and I'} ; respectively in (2.18), (2.16) and (2.17), and by applying the same technique
of proof of Lemma 6.4 and Corollary 6.5 in [24], we get for all 1 <4, j,k < 2:
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g9 = 8§llLoerzy < KTi,  lgis — 6|l poerzy < KT,

ij -
|2 <wm, |2 < KT,
Oy Il Lo (r2) Oy Il Lo (r2)
7% || < KT H ors, < KT
A . Aye ooy =T
Combining the above estimates with (B.6), we obtain that
I = AL 2oy < KT 10 iz (B.7)

By the same way, we get that there exists some positive constant C' such that

[INUL] 2,y <0 V)Ull2ap + KTV o,.);

and thus

+[(U - VUl + KT (U |20y + IV PlIL20p))

oU
; _ U
loluceer < | L2(2p)

+C(IF Iz @p) +IIUNL2 @) + IVUIL2(0p + 1) (B.8)

Combining the above inequality with the estimate in (B.5), we obtain for T} is small enough:

Cs oU
1Ula2(0p) + IVPllL2(0p) < {’

1—KTi U|| ot

Lo +I(U - V)UllL20p) + HUl‘iQ(QF) + ||VU\|i2(QF)
Qr)

1 Fllar) + Rl + 1) (B9)

Bounding the transform X and its derivatives up to order 3 from above as in Lemma 6.4 in [24], we get that

lullLeopey < KlUlL2@p) (B.10)
U2y < KllullLepe) (B.11)

’ % L) < (’ % L2 (0)) + ||u||H1(QF(t)))» (B.12)

I(U - VUl < Kl ap ), (B.13)
IVullzzpe < KlUla1@p)s (B.14)
IV2ullizzpys < KlUlu2p)- (B.15)

Combining these estimates with that in (B.9), we obtain the required inequality in (3.21).
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